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Abstract 

In this paper, which is the natural continuation and generalization of 
[T][5J|3] and [S], we extend the theory of Fesenko to infinite APF-Galois 
extensions L over a local field K, with finite residue-class field ack of 
q — elements, satisfying iJ,p{K'"^^) C K and K C L C K^d where the 
residue-class degree [kl ■ i^k] = d. More precisely, for such extensions 
L/ K, fixing a Lubin-Tate splitting tp over K, we construct a 1-cocycle, 

where Lo = L 11 K"^ , and study its functorial and ramification-theoretic 
properties. The case d — 1 recovers the theory of Fesenko. 
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Let X be a local field (that is, a complete discrete valuation field) with finite 
residue-class field kk oi q — p-^ elements. Assume that iJ,p{K^'^'P) C K . Fix a 
Lubin-Tate splitting ip over K (cf. [IH])- In Fesenko introduced a very 

general non-abelian local reciprocity map 

defined for any totally-ramified infinite APi^-Galois extension LjK satisfying 
K iz L C K^, which generalizes the previous non-abelian local class field the- 
ories of Koch-de Shalit [TO] and Gurevich [7] . In [8] , we have studied the basic 
functorial and ramification-theoretic properties of the reciprocity map of Fes- 
enko. 

In this paper, which is the natural continuation and generalization of [Tl[51[3] 
and [Sj, we extend the theory of Fesenko to infinite APF-Galois extensions L/K 
satisfying K d L C K^a where the residue-class degree [kl : hk] = d. More 
precisely, for such extensions L/K, we construct a 1-cocycle, 

: Gal(L/X) ^ /Nl^/k^ x U^^^^^^/Yl/Lo. 

where Lq — L Cl K"^^ , and study its functorial and ramification-theoretic prop- 
erties. Note that, the case d = 1 recovers the theory of Fesenko. 

The organization of this paper is as follows. In the first section, we briefly 
review the necessary background material from Fontaine-Wintenberger theory 
of fields of norms. In the second section, we introduce the generalized Fesenko 
reciprocity map ^^^/^ of an extension L/K, which is an infinite APi^-Galois 
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extension satisfying K <Z L C K,^d where the residue-class degree [kl ■ ^k] — d, 
and study its functorial and ramification-theoretic properties. 

The material and results of this paper play a fundamental role in our con- 
struction of non-abelian local class field theory [1], which generalizes Laubie 
theory [11] as well. 
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Notation 

All through this work, K will denote a local field (a complete discrete valuation 
field) with finite residue field Ok/Pk ='■ hk oi Qk = q = P'^ elements with p 
a prime number, where Ok denotes the ring of integers in K with the unique 
maximal ideal pK- Let i/k denote the corresponding normalized valuation on 
K (normalized by vk{K^) = Z), and v the unique extension of vk to a fixed 
separable closure K^'^p of K. For any sub-extension L/K of K^'^'p /K^ the nor- 
malized form of the valuation v \l on L will be denoted by v^. As usual, we let 
if"'' to denote the maximal unramified extension in K'^^^, and K denotes the 
completion of K"'^ with respect to vk^t. Fix a Lubin-Tate splitting (fx = f 
over K. The fixed field of the Lubin-Tate splitting ip is denoted by K^. Finally, 
let (t:^)j^^^^j^ be the canonical sequence of norm-compatible prime elements 
in finite sub-extensions E/K in K,^/K. This determines a unique Lubin-Tate 
labelling over K (cf. paragraph 0.2 of lOj). 

1 Preliminaries on Fontaine- Wintenberger field 
of norms 

For a brief review of APi^-extensions and Fontaine- Wintenberger field of norms, 
we refer the reader to ^Sj , and for detailed proofs to [SJ [SI [T^ . 

Let L/K be an infinite Galois arithmetically profinite (in short APF) exten- 
sion such that the residue-class degree [kl '■ i^k] = d and K C L d K^d] that is, 
in the terminology of Koch-de Shalit in jlOj and Laubie in [llj , L is compatible 
with (r. If), where T denotes the intersection field L n K^p. Note that, T / K is 
in general not a nor mal extension! Denote by l[^^ = Ln X'"' = K'J'' . If there 
is no fear of confusion, denote Lq^^ simply by Lq. So, there is the following 
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K 

Remark 1.1. Note that, (/?' = (/?'^ is a Lubin-Tate splitting over Lq — ■ Thus, 
by Proposition 1.2.3 of [12] or by Lemma 3.3 of [S], L/Lo is an infinite totally- 
ramified APF-Galois extension satisfying Lq C L C {Lq)^i. Thus, Fesenko 
theory, developed in [ll[2l|3j and [8], works for the extension L/Lq. 

Since L/T is an unramified extension, we have the following lemma. 

Lemma 1.2. The field of norms X(L/_Lo) an unramified extension of the 
field of norms X{T/K). 

Proof. In fact, there exists a natural isomorphism X(i/Lo) — » 'K{L/K) which 
identifies X(i/Lo) and X{L/K) (cf. section (5.6) of Chapter III of 4J). Now, 
X{L/K) is a Galois extension of X{T / K) with corresponding Galois group iso- 
morphic to Gal(L/r) (cf. [5] and fT^')- As kx(l/k) — i^l and kx{t/k) — i^t^ it 
follows that 

[i^x{L/K) ■ i^x{T/K)] = iML/K) : X{T/K)], 

as L/T is an unramified extension, which proves that X{L/ K) is an unramified 
extension of X(r/ii:). □ 

Now, as the Lubin-Tate splitting over K is fixed, the unique element 
^•p;T/K ~ i'^E)KcEcT £ X{T / K) IS a canonical prime element of the local field 
X{T/K). Thus, in view of Lemma [1.21 11^. 7-/;^ is a prime element of X{L/Lq) 
as well. Moreover, 

Lemma 1.3. 

^ip;T/K = ^Lp'-L/La- (1-1) 

Proof. In fact, for the Lubin-Tate splitting cp' = (/s'* over ~ ^d^i there 
exists a unique element {TTLaE)LoCLoEcLoT=L G ^{L/Lq). As LqE/E is an 
unramified extension, it follows that ttl^^e = t^e for each K <Z E <Z T . Thus, 
eq. (fLTj) follows. □ 

The completion X{L/K) of the maximal unramified extension X{L/K)"^ 
of the field of norms X{L/K) is identified with the field of norms X{L/K) — 
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2 Generalized Fesenko reciprocity map 

The main references for this section are [H [H [3] and [5] . 

Fix a Lubin-Tate spUtting (fK = <p over K. The aim of this section is to 
generahze the reciprocity map of Fesenko, cf. [HEIE] and [8], defined for 

infinite totally-ramified APi^-Galois extensions M/K satisfying K C M C 
to infinite APF-Galois extensions L/K with residue-class degree [kl ■ kk] = d 
and satisfying K C L C K^d. We shall keep the notation introduced in [8J and 
introduced in the previous section in what follows. 

Recall that, for the extension M/K as above, the diamond subgroup U^^^^^^ 

of the group U^^^^^p.-^ of units of the ring of integers of '%.{M/K) is defined by 



where Prj^ : t^x(Af/A:) ^ denotes the projection map on the ivT-coordinate 
of U^^j^^j^y More generally, for a given infinite APi^-Galois extension L/K 
with residue-class degree [n^ ■ ^k] = d and satisfying K <Z L C K^d, define the 
diamond subgroup U^^^^^^ of the group t^x(L/i<:) °^ units of the ring of integers 

of X{L/K) = X{L/Lo) naturally as follows. 

Definition 2.1. U^^^^^^ is the subgroup of the group ^/^(l/k) °^ units of the 

ring of integers of the local field X{L/K) whose K — io-coordinate belongs to 
Ulo- That is. 



U~ = U~ 



Now, as a first step, we shall generalize the arrow defined for the 

extensions M/K, where M/K is a totally-ramified APF-Galois extension sat- 
isfying K C M C Kip , of Fesenko theory, which has been described in [H O [S] 
and in detail in Section 5 of [8J, to infinite AP F-Ga\ois extensions L oi K 
with residue-class degree d and satisfying K2^ C L C K^d and construct the 
generalized arrow 4>^/^/j^ for such extensions L/K as follows. There exists an 
isomorphism 

Gal{L/K) ^ G&\{Lo/K) x Gal(i/Lo) (2.1) 

defined by 

a^(a|i„,^-"V), (2.2) 
for every a G G&\{L / K), where a — </?™ for some < m G Z. 

Remark 2.2. (i) Let M/K be a Galois sub-extension of L/K. Let Mq — 
M n iiT"''. Then, the following square 

Ga\{L/K) — ^ Gal(Lo/^) x Gal(L/Lo) 

Ga\{M/K) Gsil{Mo/K) x Gal(Af/Mo) 

is commutative. Now, for a £ Gal{L/K), there exists < to,to' G Z such 
that (T |lo= and {a \m) \mo= Thus, (/j™ |a/o= V™' |mo and the 

identity {(p^"^a) \m~ </'^™ (ct \m) is satisfied. 
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(ii) Let F/ K be a finite Galois sub-extension of L/ K. Let — LC\ K"'^ 

( 

and Lq — L n F"-^ . Then, the following square 

Gal{L/F) Gal(i^^V-P') x Gal(i/4^^) 

{res ,K) Mc.) 

Gal(L/A') — ^ Gal(4^V-ft^) x Gal(L/L^^^) 

is commutative. Now, for any a e Gal(L/_F), there exists < TO,m' e Z 
such that a L (f) = ipp and a \^(k)— ip"^ . Thus, \t('<) = ip"^ and the 

identity (pp"''(y = V'k™ is satisfied. 

Now, by Proposition 1.2.3 of |12j or by Lemma 3.3 of [5], L/Lq is a totally- 
ramified APF-Galois extension with Lq C L C (Lo)^'': where ip' = ip"^ is a. 
Lubin-Tate splitting over Lq by Remark II. II Thus, define the map 

<I>^;^J^ : Gal(i/X) ^ i^x/7Vi„/;,io^ x U^^^^^^/U^^l/k) (2.3) 

by 

.^^^/^(a) := {7t^^.Nl,,/kLS , {uj^).U^^L/K)) , (2.4) 

where a e Gal(L//C) such that a \lo— for some < m £ Z, and C/ = 
(u^) G ^x(L/Lo) satisfies the equality 

c/i--^ = (2.5) 

where ^ip'x/Lo is the canonical prime element of the local field 'K{L/Lq), which 
is the canonical prime element H^p-T/K of the local field X{T/K) by Lemma FOl 
and by Lemma 1 1.31 Thus, (|2.5p can be reformulated by 

U'-""' -K7},/,„, (2.6) 

as n^.j,^^ = H^.rp^K. Moreover, the solution U — (w^) e f^x(L/Ln)' "^hich is 
unique modulo Ux(l/k)i satisfies Pri,-|([/) — uj^^^ G Ulq- In fact, by Lemma 
HH PrLn(n;^';L/Lo) T^K, and therefore Prio (H^;;]^/^ J = tt^"^ = 1^. Hence, 
PrLo({/i-'^') - PrLo(n^^i/iJ = Ik yields u\^f = 1^, that is uj^^ G C/lo as 

Lq n (io)ip' = ^0- Now, it follows that, VvLaiU) = uj; G Ulq- Thus, t/ = (u^) 
belongs to [/| , , , by Definition O 

Remark 2.3. We can reformulate the definition of the generalized arrow 

4>[% ■■ Gal(i/X) ^ i^ViVi„/;,i„x X t/|(^/^)/C/x(L/K) 
for the extension L/K as 

'Ai%(<^) = (-^?.A^Lo/Ki^,^ir/l(¥'-™-)) 

for every a G Gal(i/X), where a \lq^ f/?™ for some < m G Z. 
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There is a natural continuous action of G&\{L/K) on the topological group 
/Ni^^^/xL^ X U^(^^^jfj/Ux{L/K) defined by abelian local class field theory on 

the first component and by eq.s (5.5) and (5.7) of [5] on the second component 

as 

ia,Ur = (a-'M7""'"^) = (a, 17""'"^) , (2.7) 

for every a G Gal{L/K), where a \lo— f"^ for some < m e Z, and for every 
a e K"" with a = a.NL„/KL^ and U G U^^^^^^ with U = U.Ux(l/k)- We 

shall always view K''' /N^^/kLq x U^^j^^^^/Ux{l/k) is a topological Gal(L / K)- 
module in this text. 

Theorem 2.4. Let L/K be any infinite APF-Galois sub-extension of K^pd/K 
with residue-class degree d. Then the generalized arrow 

: Gal{L/K) ^ K^''/Nl„/kL^ x C/|(^/^/(7x(l/k) 

defined for the extension L/K is an injection, and for every a,T ^ Gal{L/K), 

0(%(ar)=<^(%(a)0i%(r)- (2.8) 

co-cycle condition is satisfied. 

Proof. The injectivity of the arrow given by eq. (|2.3p and defined by eq. (|2.4p 
is clear from the canonical topological isomorphism defined by (|2.f p and ()2.2p 
combined with abelian local class field theory and Theorem 5.6 of Fesenko in 
[5]. To be precise, let <f)^/^jj^{a) = (tt^, {u^)) with d \ m and (uj^) G Ux{l/Lo) = 

Ux{L/K)- As d \ m, a acts trivially on Lq. Since {u^)'^ — (Ij^) — ^"^7.^^^^, 
a acts trivially on the prime elements of finite sub-extensions between Lq and 
L. Thus, a is the identity element of Gal(i/Lo). Now, for cr, t G Gal(L/iir), 
with (T |iQ= iy9™ and r for some < m, n G Z, following the alternative 

definition of the generalized arrow 4>'^'jj^ introduced in Remark 12.31 

^kC'^^) = (^K+"-^L„/Ki^,0K,>^<"+"^^r)) 

= ((^^.iVi„/KL^)(<.iVi„/^Lo^),0(^^;)„(^-"v)0(*';i^^ 

by Theorem 5.6 of Fesenko in [8] and by the definition of the action of cr G 
Gal(L/X) on.^(^^/)^(r) G V^Lo/k^o^ x [/5 ^^^^/[/^(i/;^) defined by eq. 

□ 

Now, we immediately have the following result. 
Corollary 2.5. Define a law of composition * on im(0^^''^) by 

{a,U) * {b,V) ^ (a.6,F.F^"*^"^«^"'^^'), (2.9) 
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for {a,U), £ im{^'^^jj^), where a = a.NL„/KL^,b = LN^./kL^ e 

K^'/Nl./kLo fl'^ e -^"^ and for Tl = U.Ux(^l/k),V = V.Ux(l/k) e 

^l(L/K)/^*(^/^) ^'^'^ C^, ^ e ^i(L/K)- ^•^ topological group 

under *, and the map ''■induces an isomorphism of topological groups 

: Gal(L/K) ^ tm{cl>[%), (2.10) 

where the topological group structure on im{^^^^j^) is defined with respect to the 
binary operation * defined by eq. i2.9\) . 

Recall that, for an infinite APF-Galois extension L/K and for every —1 < 
M G E, the u*^ higher ramification subgroup Ga.\{L/K)u of Ga\{L/K) in lower 
numbering is defined by 

Gal(L/if)„ = G£i\{L/K)-^^"<^"\ 

where the number — 1 < lpl/k{u) £ M is defined by eq. (3.1) in 8 and as usual 
the (Pl/k{uY'^ higher ramification subgroup Gal{L/ K)'^^/'^^'^^ of Gal(i/X) in 
upper numbering by the projective limit Gal(L/A")'^i-/'^(") ^ lim Gal{F/K)'^^/'<'''''^ 

KCFCL 

defined by eq.s (2.1) and (2.2) in [8 . Now, let E/K be a Galois sub-extension 

finite Gal. 



of L/K. Then, for any chain of field extensions K C F C F' C L, the square 

finite Gal. 

Gal(F7ii:)'^w/c(«)'£::!2fl:^flfl!^^Gal(F' n E/K)'P^ (2.11) 



Gal(F//^)'^^/^(") Qai(^ n £;/i^)¥'^/^-(«) 

is commutative. Thus, passing to the projective limits, there exists a continuous 
group homomorphism 

t'^i^L/Kiu)) = lim t'^^EiVL/Kiu)) : Gal(L/i^)'^-/-(") ^ Gal(i?/if )'^-/-("), 

KCFGL 

. . ^^-.^^^ 

which is essentially the restriction morphism from L to E. This morphism is a 
surjection, as the objects in the respective projective systems are compact and 
Hausdorff. Furthermore, the following square 

Gal(L/X) ^Gal(£;/i^) (2.13) 



Gal(L/if)*'^/'^(") > GsAiE/KY^/KM 



Gal(L/if)^^/'^-(" ) > Gal(i;/i4')^^'/^(" ) 
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is commutative for every pair u,u' G M>_i satisfying u < u' . Here, the arrow 
: Gal{L/K) G&\{E/K) denotes the restriction map. Therefore, immedi- 
ately, we have the foUowing result. 

Lemma 2.6. For < u G M, the topological isomorphism defined by eq.s 
and ( lij.i^)) induces a topological isomorphism 

Gal{L/K)u ^ GaliLa/Ky^/x'^''^ x Gal{L/ L^Y^/'^^'^^ (2.14) 
^ ^ ^ 

{tdLo) 

defined by 

{tt^^L/K{u)){a),v-'''a) = (zrfLo,a), (2.15) 

for every a G Gal{L/ K)^ with a \lo— {fL/K{u)){(^) = (p™ \lo for some 
< m (z Z satisfying d \ m. 

Proof Note that, G£il{Lo/K)f^/'<^''\ for < u G R, is the trivial group < 
id^Q >, as Lq/K is a finite unramified extension. Thus, for a G Gal{L/K)u, by 
the commutativity of the diagram (|2.13p . 

and in return 

CTt-^ (idLo,(^~™a) = (idLn,cr), 

where a \lo— idio — V'™ \lo for some < to G Z satisfying d \ m. As L is 
fixed by ip'^, ^^™u — cr, thus (id^^, (^~"V) — (idLojc). Now, the injectivity of 
the morphism given by eq. (|2.14p and defined by eq. (|2.15p is clear from the 
commutative square eq. (|2.13p and by the injectivity of the arrow given by eq. 
()2.ip and defined by eq. ()2.2p . Thus it suffices to prove that this morphism is a 
surjection, which foUows from the triviahty of GiAfL^jKY'^i'^'^'^'^ for < w G M, 
and from the equality Gal(L/X)„ = Gal(L/Lo)'^^/'^("^ □ 

Now, i/Lo is an v4Pi^-Galois sub-extension oiL/K by part (i) of Lemma 3.3 
in [5]. Let ^PL/La ■ Il^>-i ~^ R>-i be the Hasse-Herbrand function corresponding 
to the 74Pi^-extension L/Lq defined by eq. (3.1) in [18], which is piecewise-linear 
and continuous. So there exists a unique number w — w{u,L/K) G M>^i, 
depending on u, satisfying ip^/xiu) = Pl/Lo{w) and 

Gal(i/Lo)'^^/^^"^ = Gal(i/Lo)''^/^°^"'^ = Gal(L/Lo)^„. 

Thus, Lemma [221 can be reformulated as foUows. The topological isomorphism 
defined by eq.s (|2.ip and (12. 2p induces a topological isomorphism 

Gal(L/if)„ ^ (idL„) X Gal(L/Lo) 

■w[u.L I K) 1 

for every < u G K. 

For each < i G M, consider the i*'* higher unit group U~ of the field 

X{L/K), and define the group 
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Now, Fesenko ramification theorem, stated as Theorem 5.8 in ^8 , has the follow- 
ing generalization for the generalized arrow </>^^^^ corresponding to the extension 
L/K^ which is an infinite APF-Galo\s sub-extension of K^d/K with residue- 
class degree [kl ■ kk] = d. 

Theorem 2.7 (Ramification theorem). For < u ^ M., let Gal{L/K)u de- 
note the u*"^ higher ramification subgroup in the lower numbering of the Galois 
group Gal{L/K) corresponding to the infinite APF-Galois sub-extension L/K 
of K^d/K with residue-class degree [kl '■ kk] = d. Then, for < n G Z, there 
exists the inclusion 

Proof. Now, we start with the following general observation. Let < u £ R. Let 
T e Gal{L/K)u = Gal(i/Lo)'^"'/^^"^- Then, by the definition of the generalized 
arrow 4>''l/k reformulated as in Remark 12.31 

where r |i„= ip™' II^, for some < m S Z satisfying d | to, as t € Ga\{L/K)u 
and T \lo^ ti,{VL/Kiu)){T) e Gal(Lo/i^)'^Vi.(") = (id^J. Thus, 

as TO ^ dm' and thereby Tij^' Nl^^/kLq = Nl^^/kL^ = '^k^ /n^^/^l^; ^ since 
A^Lo/i^'^^' ^'^^^ Therefore, 

since (p^"^T = r in Gal(L/Lo), as d | to, and L C K^^d. 

Now, to prove the theorem, let u — i^l/k ° ^L/Loi'^) and u' = ipL/K ° 
'PL/Loi'iT' + !)■ Then, for any r G Gal(i/if)„ — Gal(L/i4r)„', it follows from 
Fesenko ramification theorem (cf. Theorem 5.8 in [5]) that the second coordinate 
of <j>^j^Jj^ (t) satisfies 

since 

Gal{L/K)u = Gal(i/Lo)''''^^^"^ = Gal(i/Lo)''''^'-o^"^ = Gal(i/Lo)n 
and likewise 

Gal(L/A-)„' = Gal(i/Lo)'^^/^*"'' = Gal(L/Lo)'^^/^o("+i) = Gal(L/Lo)„+i, 
which completes the proof. □ 
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Now, let M / K be an infinite Galois sub-extension of L/K. Thus, by Lemma 
3.3 of [5], M is an APF-Galois extension over K. We further assume that, the 
residue-class degree [km ■ kk] — d! and K C M C K^d' for some d! \ d. Let 

.^i^;^ : Gal(Af/i^) ^ K^'/Nm./kM^ x C/|(m/k)/^x(m/k) 

be the corresponding generalized arrow defined for the extension M / K . Here, 
Mo is defined by Mq = M n iiT"'' = if^'r. 
Now, let 

K (Z Lo = Eo d El d ■ ■ ■ d <Z ■ ■ ■ d L 

be an ascending chain satisfying L — Uo<iez ^'^'^ [^i-l-i • < for every 
< i e Z. Then 

if c A/o = -Bo n 7\f c n M c • • • c n 7\/ c • • • c Af 

is an ascending chain of field extensions satisfying the conditions M — Uo<iez(^i'~' 
Af ) and also [Ei+i r\ M : E^ r\ M] < oo for every < i £ Z. Thus, we con- 
struct X(Af/A') by the sequence {Ei n A'/)o<iez and %.{M/K) by the sequence 

{Ei n M)o<jez- Note that, E^f^M ^ Ei for every < i G Z. Furthermore, the 
commutative square 



N 



R X ^ ^ 



y ^E^,nM/E^nM 



Tlo<e<fiL/M)(.v'^ f^E.,/E.,nA 



Ei n A/ n A// 

for every pair < i, i' G Z satisfying i < i' , induces the group homomorphism 
AAi/M= lim n (/)^iV£^/B,nA/ :i(i/i^)''^X(AW^ 

o<4ez yo<f</(-L/M) y 

(2.17) 

defined by 

AAi/M((aB,)o<zez) = n (^''')'^iJ./B,nM(«£,) , (2.18) 

Vo<£</(L/A/) J 

for every (a^.)o<iGZ e X(L/i4:)x. 
Remark 2.8. The group homomorphism 

A/i/M : W^)^ ^X(A^/i^)>< 

defined by eq.s (|2.17p and (|2.18p does not depend on the choice of the ascending 
chain 

K d Lo = Eo d El d ■ ■ ■ d E,, d ■ ■ ■ d L 
satisfying L = Uo<iez ^^'^ i^i+i ■ ^i] < oo for every < i G Z. 
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Remark 2.9. For < i e Z, let E^f^^^^ = EiO {Ei n M)"'' be the maximal 
unramified extension of H M inside Ei. To simplify the notation, let Ei^ = 
Ei n {Ei n My. Then the Galois group G&\{Eifi/Ei n M) is cyclic of order 
f{L/M) = jr generated by ip'^' . Thus, for a e Ei, 

The basic properties of this group homomorphism are the following. 

(i) If C/ = (MgJo<iez e U^(L/Ky then^L/MiU) e ?7x(M/if)- 

Proof. In fact, following the definition of the valuation i^x(m/k) of X(M/i4r) 
and the definition of the valuation i^j^^^^-j of 1L{L/K), it follows that 



^1L{M/K) 



\0<i!</(L/M) 
0<t<f{L/M) 
0<£</(L/M) 

= 0, 

as ({<fi'^'Y{uK)) = ^Ri^R) iov £=!,■■■ J{L/M) - 1, and 

^i(L/if)(t^) =^k("k) =0' 
since U e J7j(j^/^). □ 

(ii) If [/ = (z.^^)o<.« e t/|^^/^^, then A^,/m(C/) € [/5 

Proof. Note that, Lq = K and Mq = JT. Now, the assertion follows by 
observing that 

Pr^(C/) = «^ G C7i„ 

and 

{j^l/m{u)) = n ('^'v^^i^ o/-EonM(w^^) 

0<i<f(L/M) 

= n 

0<^</(i/M) 
= NE„/E„nMiUR) € ?7mo- 

□ 



11 



(iii) If C/ = (uE,)o<iez e Ux(l/k), then Nl/m{U) G Ux(m/k)- 

Proof. The assertion foUows by the definition eq. (|2.18p of the homomor- 

phismeq. ((TT71) combined with the fact that ^i5^/£;^nA/(w£;, )^+'^'''+'''+'^'''""'^*''"" 
^Ei/EinM{uEi) for every u^. € J/^^ and for every <i E'Lhy Remark 
[2:91 ' ' □ 

Note that, Neue.^, («i+^'''+-+^'''<^-)) = A^s./b.^, («)'+^''+-+^''""' , for 

any a ^ Ei with 1 < i G Z, where / = f{L/M). Thus, there exists a homomor- 
phism 

M^/^, :X(L/Lo)>< ^X(i/Lo)" (2.19) 

defined by 

for every (^Q!^;/) G X(L/Lo)^. The basic properties of this group homo- 

morphism are the following. 



(i) {'p)l/m (^x(l/Lo)) ^ ^ii 



Proof. In fact, following the definition of the valuation ^'x(l/Lo) '^'^ -^(^ / ^0) 
it follows that 



l + ^d'^..._^^d'(/(i/Af)-l) 

^E, 



o<iei 



as 



K \ K 

0<f</(i/M) 
0<^</(i/M) 

= 0, 

yj, ({^"'fiu^)) = for £ = 1, • • . , f[L/M) - 1, and 

since U eU^f^^^j^y □ 

Proof. Note that, = -ft'- Now, the assertion follows by observing that 
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and 

= n ^^'f-K 

0<i<f{L/M) 



□ 



(iii) {f)L/M {Ux(L/Lo)) C f/x(L/Lo)- 

Proof. Clearly, for U = (u£;Jo<iez e Ux{L/La), 

lid', , d'(f(L/M)-~\) 

L/M 

as UEi & for every < ?' G Z. □ 
Thus, there exists a group homomorphism 

^^L/M ° (<p)l/m : HL/K^ i(M/i^)^ (2.21) 

satisfying 

(i) ^L/M ° (<^)l/M (^X(L/X)) ^ ^X(M/K); 

(iii) Nl/m ° {v)l/m {Ux(l/k)) ^ Ux(m/k)- 
Now, define the Coleman norm map 

_yy-Cokman . U^^^ ^ / Ux{L / K) ^ ^f,[M/K)/^nM/K) (2-22) 

from L to Af by 

_^Coleman(^) ^ ^^^^^ ^ ^^^^^^^ {U).Ux(m,K). (2.23) 

for every U £ '^^^'^^ ^ denotes, as before, the coset U.Ux{l/k) in 



K) 



Lemma 2.10. For an infinite Galois sub- extension M/K of L/K such that the 
residue-class degree [nm : kk] = d' and K C M C K^d' for some d' \ d, the 
square 



Gal{L/Lo) ^l(L/Lo)/'^5^(L/Lo) (2.24) 



Gal{M/Mo) HiM/M„)/^^('''/''o), 
where the right-vertical arrow is the Coleman norm map 

A^f/M"""" from L to 

M defined by eq.s i2.2^) and V2.2S\) . is commutative. 
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Proof. For a G Gal(L/Lo), resA/(cr) = a U/G Gal{M/Mo), a.s Lq D M = i n 
if"'- n Af = M n i^'"' = Afo. Now, for any a e G&\{L/Lq), following the 

definition ^^^^n^^) ~ t^cr-C^x(L/Lo)' where Ua G ^^(^i^/j^ ) satisfies the equation 
Jjj:"''' = n^7.^/^j,- Thus, to prove the commutativity of the square, it suffices 
to prove that 

J^l/m{UI^^ + ) = t/^u, (mod C/x(Af/Afo)), 

where C/^i,, G , , satisfies the equation 11^7"^ = ■ Now, 

X{M/Mo) ^ '^\m (p'' ;M/Mo ' 

without loss of generality, in view of Remark 12.81 fix a basic sequence (cf. [8J) 
Lo = Eq C El a ■ ■ ■ C Ei C ■ ■ ■ C L, 

where 

(i) L = Uo<iGZ^»; 

(ii) Ei/Lo is a Galois extension for every < i G Z; 

(iii) Ei^i/Ei is cyclic of prime degree [-Ei+i : Ei] = p — char(Kiji) for each 
1 < i G Z; 

(iv) El /Eq is cyclic of degree relatively prime to p. 

Thus, each extension Ei/Lo is finite and Galois for < i G Z. Now, note that 

As C/]-'^' = n^li/i„, setting [/„ = (u^^)o<<ez, for < i G Z, 

^ , ^ 1 . 1 \ , I d' (f(L /M)-l) 

Now, it follows that, Nl/m ° {v)l/m (C^<t)"^^'^'* = "'^^rf''ju/j\/f ' '^^i*^^ yields the 
congruence A/}, /A/ o(^)^^J^,^ (C/^) = [/^|^^ (mod C/x(m/Mo)) completing the proof. 

□ 

So, we have the following theorem. 

Theorem 2.11. For an infinite Galois sub-extension M/K of L/K such that 
the residue-class degree [km '■ kk] = d' and K <Z M <Z K^d' for some d' \ d, the 
square 

Gal{L/K)^^K-/NL,fKL^ x C/|(^/^/C/x(L/if) 

K'-Lo/Mq'^'^ L/M ) 

GaliM/K)^^KX/NM„/KM,^ x t/|(,,,/^/C/x(M/K), 
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where the right- vertical arrow 
defined by 

f CFT \^rColeman\ /— Tj\ f CFT /— \ Z^rColeman 

for every {a,U) G /Nl^/kL^ x U~^^^^^/Ux(l/k), is commutative. Here, 

is the natural inclusion defined via the existence theorem of local class field 
theory. 

Proof. By the isomorphism defined by eq.s (|2.ip and (|2.2p . for a G Ga.\{L/K), 
there exists a unique < m G Z such that cr \lo= (p™ and ip^™-a G G&\{L/Lq). 
Now, foUowing the definition. 

Thus, 

y^La/Mo^^L/M ) [^K Lo/ ^ ^Pl/ Lo^'^ ) = 

(^7^^?iVMo/KMo^<l,(¥'-"^ Im)) 
by Lemma [2.101 Note that, by the existence theorem of local class field theory, 

where < m' G Z is the unique integer satisfying (cr \m) |a/o= o" |a/o= ^P™ and 
</?"'"'(ct \m) G Gal(M/Mo). Hence, 

= ^M/A:(i'esAf(cr)) 

by Remark 12.21 part (i), which completes the proof. □ 

Now, let F/K be a finite sub-extension of L/K. Thus, L/F is an infinite 
APF-Galois extension (cf. Lemma 3.3 of [8]). Fix a Lubin-Tate splitting ipp 
over F. Now, assume that the residue-class degree [kl ■ i^f] = d', for some 
d' 1 d, and there exists the chain of field extensions 

FcLcF^^^y. 
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Thus, there exists the generahzed arrow 



corresponding to the extension L/F. Here, Lq is defined as usual by Lq = 
L n F^^^ — -F^r. Note that, there is the foUowing diagram of field extensions. 



totally-ramified 



[L<^':F]<oo 



-(K) 



[l''^^ ■.K]<oo 



K 



F 

[F:K\<Qa 



Thus, L/l\^'^ and L/L\^' are infinite totaUy-ramified APF-Galois extensions. 



by Lemma 3.3 of [S], and satisfy Lq C L C [Lq 



and d^'^ C L C 



Remark 2.12. Note that Lq^"* is compatible with (p j^(k)) ^ in the sense of 

[TU] pp. 89, where ipj^iK) = ip%. Thus, ip^iF) ^ ip% ^ ^l]^" - Vk^ 

Xq^-'/Lq^'' is totaUy-ramified. 

For the extension L/ fix an ascending chain 

Fo C i^i C • • ■ C F,; C • • • C i 



satisfying L = Uo<zez^« ^^'^ [Pi+i '■ Fi] < oo for every < i G Z. FoUowing 
[5], introduce the homomorphism 



(2.25) 



by 



Aj^/^ : (aFo < < • • • ) 



N 



^0 1-^0 



^0 i^a 



apo < a_Fi < ■■■), (2.26) 



for each {ctFi)o<iez ^ ^(-^/-^o This homomorphism induces a group ho- 

momorphism 



'^^/^ • ^X(L/l(^))/^X(L/<') ^ ^|(l/l(^')'-x(l/l-') 



(2.27) 



16 



defined by 



\PIK U H-> Ap^K{U).U^f^^^iK)y 



(2.28) 



for every U G where U denotes the coset U.U^^^^^(^f)^ in C^|(^/^(f))/C^x(l/l 

(for details of. [S]). ° 

Lemma 2.13. Let F/K he a finite sub-extension of L/K. Fix a Lubin-Tate 
splitting ipp over F. Assume that the residue- class degree [k^ ■ up] — d' and 
F C L C F^^^yi for some d' \ d. Then the square 



^ (F) 

GaliL/Lf^) ^I(l/l(-')/^x(l/l<-)) 



(2.29) 



Gal{L/Lf'') % ^l(L/L<-')/^x(L/L<-))' 

where the right- vertical arrow 



is defined by eq.s \2.2T^ and V2.28]) . is commutative. 
Proof. Look at the proof of Theorem 5.12 of [5]. 
So, we have the following theorem. 



□ 



Theorem 2.14. Let F/K he a finite sub-extension of L/K. Fix a Lubin-Tate 
splitting ipp over F. Assume that the residue- class degree [kl ■ Kp] = d' and 
F d L C Ff^^^y' for some d' \ d. Then the square 



i(^f) 

''l/f 



Gal{L/F) — F>^/N^,F,^^Li^^" x t/|(^/^/t/x(L/i.) 

F/ K ^^F/ k) 

Gal{L/K)^KX/N^^^,^^Ll^^^ x C/|(^/^/t/x(L/K), 
where the right-vertical arrow 

{Np/k,Xp/k) ■■ FV7V^(F,/^4^)' X C/|(^/^/(7x(L/i.) ^ 



(2.30) 



defined by 



iNp/K,Xp/K) ■■ ia,U) ^ (^Np/K{a),Xp/K{U)) , 



_ fp\ X 

for every {a,U) G F^ /N ^(f) ^pL}^ x U^^^^^^/U^iL/F), is commutative. 
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Proof. Let a G Ga.l{L/F). There exists < m G Z such that a L(f)= (p^ and 
(^7"cr G Gal(L/4^^). Now, 



'L/F 

and 



by the norm-compatibility of primes in the fixed Lubin-Tate labehing and by 
Lemma r2.13l Now, there exists < to' G Z such that a \^(k)— and (f]/^ cr G 

Gal(L/Ll^^). By Remark O part (ii), it foUows that L(k)= Vk and 

(Pp"^a — ipj^ a. By abehan local class field theory, Np/K ■ ^f-^l^'''>/f-^o 

^k'^l^/k^o''^'' ^^K-N^iK.^^Lf'^'' . Thus, 

which completes the proof. □ 

Let L/K be any APF-Galois sub-extension of K^d/K, where the residue- 
class degree is d. In case L/K is assumed to be a finite extension, the in- 
coordinate of the generahzed arrow (^^^''^ : Gal(L/A') K'^ /Nl^^/^Lq x 
U^f^j^^j^^/Ux{L/K) is the Iwasawa-Neukirch map iL/K oi L/K (for details on 
Iwasawa-Neukirch map ll/k of the Galois extension L/K, cf. Section 1 of [8J). 
More precisely, we have the following proposition. 

Proposition 2.15. Define a homomorphism 

p : K^/Nl,/kL^ X ^/^^/(7x(L/K) ^ K^ /N^/kL^ (2.31) 

hy 

p:{n^ll,{u^))^n^NL,/K{uiJ mod Nl^kL\ (2.32) 

for every (tt™, (u^)) G K"^ /N^^/kL^ x U^^^^^^/Ux{l/k)- Then the composite 
map 

P°<I>l/k='l/k 




Gal{L/K) K^/Nl„/kL^ x C/|(^/^)/C/x(l/k) K^/Nl/kL^ 

(2.33) 

is the Iwasawa-Neukirch map ll/k '■ Gal(L/K) K^ /Ni^/j^L^ of L/K. 
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Proof. Let us briefly recall, following Section 1 of the construction of the 
Iwasawa-Neukirch map 

iL/K ■■ Ga\{L/K) ^ K'^/Nl/kL'' 

for the Galois extension L/K. For each a € Gdl{L/K), choose a* e Gal(L"'"/i4r) 
in such a way that: 

(i) <y* |l= <y; 

(ii) (J* \k"'-= V'", for some < n e Z. 

Let S^- be the fixed-field (L"'')'^* of a* e Gal(L"'~/if ) in It is well-known 
that [So-* : iiT] < oo. Now, the map l^/k ■ Gal{L/K) /Nl/kL^ is 

defined by iL/K{<^) = /k{''^s^*) mod Ni^/^L^, for cr G Gal(L/i4r), where 
tte^, denotes any prime element of So-* . Thus, for a finite APF-Galois extension 
L/K satisfying [kl : kk] = d and K C L C K^d, it suffices to prove that, for 
a e Gal(L/X), 

P^^^llK^^) = ^LlK{(y) = Ny^^, / k{t^y.„.) mod Nl/kL'^, 

where tts^, denotes any prime element of E^*- Now, for a E G'aI{L/K), there 
exists < m G Z such that a |lo= 'P™ and r = (p^™(T e Gal(i/Lo). Thus, 
a = ip'^T. 

Case 1: m > 0. In this case, it suffices to prove that 

'^^^Lo/K (Prz„(0i^/A(¥'-"V))) = A^s„./k(^s„. ) mod N^/^L^ 

where tts^, denotes any prime element of So-* ■ To prove this equality, 
choose fj* G Gal(L"'"/iir) such that 

(i) <J* \l^o- 

(ii) a* <^". 

In fact, let a* ~ j^rir r*, where r* G Gal(L'"'/Lo) is defined uniquely 
by the conditions t* \l— t and r* |KT>r= id/f^^, as L""" = LK"^. Note 
that, for E = Eo-*, Eq = E n iiT"'' is a finite extension of degree [Eg : 
K] = m over K, as Eo = (if"'^)'^'", the fixed field of y^™ G Gal(i^"7ii:) 
in A"'"'. As L is fixed hy tp''', T — L D is an unramified extension of 
degree d. Thus, the prime element ttj^ is a prime element of L and of L"*". 
Now, choose a prime element tts of E. It is well-known that E"*" ~ L""^ 
(cf. Section 2 in Chapter 4 of [4j). Thus, tts is a prime element of L""". 
So, there exists a unit ?; G i"'' C L, such that tts = tttw. Note that, 
TT^ ~^ = 1 as E is fixed by a*. Thus, {-ktvY = 1 and we get the 
equalities 

Recall that (by Proposition 1.8 of Chapter IV of 0] or by 1 . 1 of [lU] ) , C/j; 
is multiplicatively (1 — i^™)-divisible. So, there exists w G t/j such that 
w^"'^" — V. Hence, 
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as v?"r* = rV". Now, choose z e C/^ as z = {w^-^' v^'Y+'P+'-'+'fi"" \ 
Note that, this z Uj^ satisfies z^^"^ = tt^^^. Clearly, 

After this preliminary observations, 

as ttt belongs to the fixed Lubin-Tate labelling. Thus, the image of a 
under the Iwasawa-Neukirch map /k is 

i-L/Kic^) = t^kNl/k{z) mod Nl/kL"". 
Now, let y e [/^ such that 

Note that, T = Lr\K^. Then, setting z = yi+v'+ ' +v""' g [/^^ 
Thus, 

which shows that 

i-L/Kif^) = t^kNl/k{z) mod A^L/A-i"" 

= T^A^Lo/K (^L/A(y)) mod Nl,kL^' 

completing the proof. 

Case 2: m = 0. In this case, a e Gal(L/Lo)- Consider tp'^a G Cal(i:"'^/A'). Then 
by the previous Case 1, 

where Li^/^if'^cr) = i^l/k{<^)- Now, by Theorem l2.4l 
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where the last equahty follows from the fact that K C L C K^d. Thus, 
which proves that 



completing the proof. 



□ 



Now, we shall generalize the definition of the extended Hazewinkel map 
■ Ui(L/K)/^^/K ^ Gal(L/X) of Fesenko (cf. [HEIE] and [8]) initially 
defined for totally-ramified APF-Galois sub-extensions L/K of K^/K to infinite 
APi^-Galois sub-extensions L/K of K^d/K^ where [kl ■ kk] ~ d. 

In order to do so, we first have to assume that the local field K satisfies the 
condition 

HpiK'^P) = {ae K'^'P ■.aP = l}ciK, (2.34) 

where p = char(K/f). For details on the assumption (|2.34p on K, we refer the 
reader to [DHIl]. 

Let L/K he an infinite APi^-Galois extension with residue-class degree [kl : 
Kk] = d and K C L C K^d. As usual, let Lq = LnK"^. Define the generalized 
arrow 

H^;^/^ : i^V^Lo/K^o" X %l/k)/Yl/l„ - Gal(i/X) (2.35) 
for the extension L/K by 

((^^?A^L„/^io > C^-i^L/Lo)) = ^"^ \l H^-f/l{U.YL/L„), (2.36) 

for every m G Z and C/ £ [/|^/^^, where h[^/1 : C/|(^/^/>i/io - Gal(i/Lo) 
is the extended Hazewinkel map of Fesenko for the extension L/Lq. For the 
definition and basic properties of the group ^l/Lo' refer the reader to [3] and 
0. 

The following lemma is clear. 

Lemma 2.16. Suppose that the local field K satisfies the condition given in 
eq. ^2.34^ . Let L/K be an infinite APF- Galois sub-extension ofK^d/K, where 
d = [kl '■ k-k]- Then the generalized arrow 

H^^]^ : K^/Nl,/kL^ X U^^^^^^/Yl/Lo ^ Gal{L/K) (2.37) 

for the extension L/K is a bijection. 

Proof. The proof follows from the isomorphism Gal(L/if) ~ Gal(iyo/-f^) x 

Gal(L/Lo) combined with the bijectivity of ij['^2o • ^|(L/K)/^i/io ^ Gal(L/Lo) 
(cf. Lemma 5.22 of [8]) and abelian local class field theory for the extension 
Lo/K. □ 
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Now, consider the composition of arrows 

Gal(L/if) ^ i^VA^Lo/K^o X Ulr,JU^iL/K) (2.38) 



X{L/K)' 



where 0^/^^ : U~^l^^^/U-x(l/k) ^ ^i(L/K)/^^/^o ^^'^ canonical map defined 
via the inclusion Ux{l/k) ^ ^l/Lo- Recall that (cf. eq. 5.35 of f8]), the compo- 
sition cl/Lo ° = : Gal(L/Lo) ^ t^|(^/^)/>i/Lo is the reciprocity 

map of Fesenko for the extension L/Lq. Now, let a G Gal{L / K) . Let < m G Z 
such that a |l„= (/j™ and (p^"^a e Gal(i/io)- Then following the definition. 



by Lemma 5.23 of [8] . For < m e Z and C/ G U^^^^^^ylet {'k'}I.Nl^/kL^ ,U.Yl/Lo) e 
K"^ /Nl^^/kL^ X ^^|(^/^)/^L/Lo- Now, again following the definition, 

= {t^k-Nlo/kLq ,U.Yl/Lo) : 
by Lemma 5.23 of [S]. Thus, these computations yield 

^fi%°*i%-=idGai(L/K) (2.39) 

and 

oif('^) =id^,,j^ ^x^yo , . (2.40) 

Note that, there is a natural continuous action of Ga\{L/K) on the topolog- 
ical group /Nl^ikLq X t^|(^/^)/^i/io defined by abehan local class field 
theory on the first component and by eq. (5.7) and Lemma 5.20 of [S] on the 
second component as 

{a^Ur = ( a-'M/"""'^') = ( a,!/""'"'^) , (2.41) 
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for every a e G&\{L/K)^ where a |lo= <y5™ for some < m e Z, and for every 
a e if^ with a = a.Nr^/^L^ and U e US with U = C/.Il/Lo- W^e sW/ 

always view /Ni^^/i^L^ x ^Jj-^^^^/^l/Lo '^•5 topological Gal{L / K)- module 
in this text. 

So, we have the foUowing theorem, which follows from Theorem l2.4l Lemma 
12.161 and eq.s (|2.39p and (|2.40p combined with the fact that Ux{l/k) is a topo- 
logical Gal(i/Lo)-submodule of Yj^/^j,. 

Theorem 2.17. Suppose that the local field K satisfies the condition given in 
eq. {2.34-^ . LetL/K he an infinite APF -Galois sub-extension ofK^d/K, where 
d= [kl '■ Kji]. The mapping 

: GaliL/K) ^ iN^^^/i^L^ x US^^^^^/Y^/l, 
defined for the extension L/K is a bijection with the inverse 

: K-''/Nl,/kL^ X {/|(^/^/>L/i„ ^ GaliL/K). 
For every a,T ^ Gal(L/ K), 

= (2-42) 

co-cycle condition is satisfied. 

By Corollary 12.51 Theorem 12.171 has the following consequence. 

Corollary 2.18. Define a law of composition * on /Ni^^^/^Lq ^^^(^i^^j^-^/^l/Lo 
by _ 

{a,U) * ib,V) = (a,I7).(6,F)^*w/c)"'((°'^)) (2.43) 

for every a = a.Ni^,/KL^,b = h.NLa/xLo ^ K^'/Nlo/kLq with a,b e K"" 
and U = U.Yl/Lo,V - V.Yl/l„ e U^^^^^^/Yl/Lo wtth U,V e C/5 Then 
/Ni^^^kLq X f^|(^/;f-)/^i/Lo '■s a topological group under *, and the map 
^L/K if^duces an isomorphism of topological groups 

: Gal{L/K) ^ /N^^/kL^ x (2.44) 

where the topological group structure on /Ni^^^/xL^ x f^|(^^^-)/^L/Lo de- 
fined with respect to the binary operation * defined by eq. ^KJ^. 

Definition 2.19. Let X be a local field satisfying the condition given in eq. 
(|2.34p . Let L/K be an infinite APF-Galois sub-extension of K^d/K, where 
d — [kl '. kk]. The mapping 

: Gal(L/X) ^ K>^ /N^^^^^i^L^ x U^^^^^^/Y^/^,, 

defined in Theorem 12.171 is called the generalized Fesenko reciprocity map for 
the extension L/K. 
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For each < i e M, we have previously introduced the higher unit groups 
(u^,, of the field X{L/K) as in eq. For each < n e Z, as in eq. 

5.42 of 8J, let 

Ql/Lo=^L/L„ ((c/|(^/^))Vx(L/K)/^x(L/K)nim(</)(r;i)) , (2.45) 

which is a subgroup of (t^l^^^^^) Yl/Lo/^l/Lq- Now, ramification theorem, 
stated in Theorem 12. 71 can be reformulated for the generalized reciprocity map 
^^L/K corresponding to the extension L/K as follows. 

Theorem 2.20 (Ramification theorem). Let K be a local field satisfying the 
condition given in eq. ^2.34\ l. For < u G let Gal{L/ K)^ denote the 
u^^ higher ramification subgroup in the lower numbering of the Galois group 
Gal{L/K) corresponding to the infinite APF- Galois sub- extension L/ K ofK^d/K 
with residue-class degree [kl : kk] = d. Then, for < n G there exists the 
inclusion 

^l'/k (Ga^(i/Ji^)^^/Koyi,/Lo(«) - Ga/(i/X)^^^^o>pi/^„(„+i)) ^ 

Proof. Following the general observation made in the first paragarph of the proof 
of ThcoremHTl for < u G R and for r G Ga\{L/K)u = Gal(L/Lo)'^^/^^"\ 

'Ai";KM=(iKx/..„,...^<i„(-)), 

where tp' ~ ip'^ . Thus, following the definition, 

<^KW = (lKx/..„,...^c,/,„o0(r;)^(r)) 

Now, to prove the theorem, let u — ipi^^x^fL /Lq ("-) ^^nd u' ~ iPl/k° fL /Lq ("- + 
1). Then, for any r G Gdl{L / K)u — Gsl\{L / K)^' ^ it follows from the ramification 
theorem (cf. Theorem 5.27 in [8J) that the second coordinate of ^^^•'^(t) satisfies 

since 

Gal(L//^)„ = G&\{L/LqY^"<'^''^ = G&\{L/LqY^'^o'^'''^ = Gal(i/Lo)n 
and likewise 

G&\{L/K)^, = GaKi/Lo)"""^"^"'' = Gal(L/Lo)'^-/-o("+^) - Gal(L/Lo)„+i, 
which completes the proof. □ 
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Let K he e. local field satisfying the condition given in eq. (|2.34p . Let M/K 
be an infinite Galois sub-extension of L/K. Thus, by Lemma 3.3 of [5], M is 
an ^Pi^-Galois extension over K. We further assume that, the residue-class 
degree [km ■ kk] — d! and K a M C K^d' for some d' \ d. Let 

be the corresponding generalized Fesenko reciprocity map defined for the exten- 
sion M/K. Here, Mq is defined as usual by Mq = M f] K""" = KJ. Now, fix a 
basic sequence 

Lo ^ Eo <Z El d ■ ■ ■ d E., (Z ■ ■ ■ (Z L 

for the extension L/Lq. Now, following the notation of [3] and [5], introduce for 
each 1 < i € Z, an element ai in Gal(L/_Rr) such that {a j^;.) = Ga,l{Ei / Ei^i) . 
Further, for each 1 < fc,« e Z, introduce the map h^^^^'^ : ni<i</c^^'^^ ^ 

(nr,.,... /f/|::r\ the map : 0.,.,. - Dr,,,^. UZ^^ 

and the map /^^/^"^ : [/^-^ ^ ^x(l/_e,) — U^{l/k) following [3] and [8]. 
Now, fix the sequence 

Mo ^ EoDM C EiCi M C ■ ■ ■ C E,nM C ■ ■ ■ C M 

for the extension M/Mq- Define, for each 1 < fc G Z, a homomorphism 

that satisfies 

^0<f</(L/M)-l / \0<f</(L/A/)-l 



and any map 



that satisfies 



J- J- BfcHM J-J- Bfc + iHAf 

l<i<fc l<i<fc+l 



^0<£</(L/J\/)-l / \0<^</(L/M)-l 

following the same lines of [3] and [S]. 

Now, for each 1 < i G Z, introduce the map 

AM/M„) . cTilj,,-! 
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where vGU^^ ^ is any element satisfying llo<e<f{L/M)-iiv>'^'y^Ei/EinM{v) = 

w € C^~^'- Note that, iiv' e such that no<^</(L/M)-i(</''^Y^i=;./i=;inM(^^') = 

w, thenTV-^/M (/f =Ml/m {f.''"'"\v')) . 

In fact, there exists u e ker ^]^Q^^^^^^^^j^_-^((^''')'^A^£;./£.njvf^ such that 

v' =vu. Thus, we have to verify that TVl/m (^fi^^^°\v)j =J^l/m (^fi^^^°\vu)j ■ 
That is, for each 1 < j e Z, we have to check that 

0<e<f{L/M)-l 

n iv^'Y^E./E^nM (Pr^^(/i^/^''^(H)) • 

0<e<f{L/M)-l 

Now, for j > i, it follows that 

n (v^'YNE./E.nM (Prg//f = 

0<e<f(L/M)-l 
0<£</(L/M)-l 

\0<e<f{L/M)-l J 
\0<^</(L/Af)-l / 

n (v''^?^i.,/i.,nM (ffi^f"^ o . . . o gfl'^^vu)) = 

0<i<S{L/M)-l 

n i.^'''fNE,/E,nM (Prg^.(/f ^'^°'(^«))) • 
o<^</(V-'w)-i 

Thus, the map 

AM/M„) . ^rC^ila-l , JT 

is well-defined. Moreover, for j > i, 

. „ .(M/M„) _ ( (M/Mo) AM/M^)\ I 

E^nM 

In fact, for w e there exists v G f/|*"^ such that no<^</(L/M)-i(</=''^')^-^-Ei/BinM(^^) = 

and f\^^^°\w) =Mlim (/i^^^^"^ (^)) • That is, the following square 



f^lr'^^^W) (2-46) 



AM /Ma) 

tt'^^\m-'-Jj: , f/_ 
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is commutative. Thus, 

0<e<f(L/M)-l 



0<^</(i/M)-l 



^0<f</(L/M)-l 

which is the desired equahty. 

Now, we shah modify Lemma 5.28 of [5^ and show that the norm map 
TVi/A/ : ML/KY -> X{M/K)'' introduced by eq.s (PTT]) and ((TT5)) satisfies 
the following lemma. 

Lemma 2.21. The norm map N^/m : X{L/K)^ X{M/K)^ introduced by 
eq.s \2.n^ and \2.18\) further satisfies 

Proof (i) Recall that, AfL/M ■ ^{L/KY ^ X{M/KY is a continuous map- 
ping. Now, for any choice of z^*^ £ im(/|'^^'^°''), the continuity of the 
multiphcative arrow TVl/a/ : %{L/KY ^ X{M / KY yields 

where J^l/m{z^^'^) G im(/j''*^^*^°'') by the commutative square (|2.46p . 

(ii) For y e Ylil^, as y^-'f^ G Z^/^^, it follows that Mlim^V^^'^^) e ^m/Mo 
by part (i). Now, note that 



1 a 



Therefore, 
as desired. 

The proof is now complete. □ 

Thus, by part (ii) of Lemma 12.211 the homomorphism Ml/m ° {v)l/m '■ 

X{L/K)^ X{M/K)^ induces a group homomorphism, which will again be 
called the Coleman norm map from L to M , 

_YCokma„ . U^^^^j^^/Yl/Lo ^ U^(M / K)^ /Mo (2-47) 
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and defined by 



^Coleman ^ ^^^^^ ^ ^^^^^^^ 



(2.48) 



for every V £ U^^^^^^y where U denotes, as usual, the coset U.Yl/l„ in U~^i^^^^/Yl/l„ 
The following lemma is the finer version of Lemma 12.101 

Lemma 2.22. Let K be a local field satisfying the condition given in eq. ^2.34\ l. 

For an infinite Galois sub-extension M/K of L/K such that the residue-class 
degree [km ■ hk] = d' and K d M d K^d' for some d' \ d, the square 



Gal{L/Lo) 



L/^a ^ TT<> 



L/Lo) 



(2.49) 



■'^ L/M 



GaliM/Mo) —4 U^^M/M„)/^M/Mo, 



where the right-vertical arrow is the Coleman norm map 
M defined by eq.s \2.4-T^ and \2.48^ , is commutative. 

Proof. It suffices to prove that the square 



X(L/K)/^^(L/K) ^ ^X(L/K)/ '^/^ 



^ ^^(j.IkJYlIU 



■'^ L/M 



L/M 



X{M/K) 



/Ux{M/K) ^^[M/K)/^^''/^'o 



is commutative, which is obvious. Then pasting this square with the square cq. 
([T^ as 



Gal{L/K) ■ 



'"'^/i-a TJO ITJ , ^ 1-/1-0 JTO Iv , 



X(L/K) 



^ L/M 



L/M 



Gal{M/K) 



the commutativity of the square eq. (|2.49p follows. □ 



Thus, we have the following theorem, which is the finer version of Theorem 

Theorem 2.23. Let K be a local field satisfying the condition given in eq. 
^2.34\ l. For an infinite Galois sub- extension M/K of L/K such that the residue- 
class degree [km '■ kk] = d' and K C M C K^a' for some d' \ d, the square 

Gal{L/K) K-/Nl,/kL^ x U^^l/k)/^^/Lo 

OFT rfColeman\ 
-Lq/Mq-'^^ L/M ) 

Gal{M/K) K-/Nm„/kM,^ x C/|(,,/^)/i^M/A./o , 
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where the right- vertical arrow 
defined by 

for every (a,U) £ /Nl^/kL^ x U~^^^^^/Yl/l^^, is commutative. Here, 

is the natural inclusion defined via the existence theorem of local class field 
theory. 

Proof. By the isomorphism defined by eq.s (|2.ip and (|2.2p . for a G Ga.\{L/K), 
there exists a unique < m G Z such that a \lo= "ys™ and ip^™-a G Gal(L/Lo). 
Now, foUowing the definition, 



Thus, 



by Lemma [2.221 Note that, by the existence theorem of local class field theory, 

where < to' G Z is the unique integer satisfying (cr \m) \mo — f \mo — v"^ and 
(cr |m) e Gal(Af/Mo). Hence, 

^^?'iVM„/i^M„^<i>j^;2„(^-™'(a u,)) 

by Remark 12.21 part (i), which completes the proof. □ 

Let iiT be a local field satisfying the condition given in eq. (|2.34p . Now, let 
F/K be a finite sub-extension of L/K. Thus, L/F is an infinite APF-Galois 
extension (cf. Lemma 3.3 of [S]), where F satisfies (|2.34p . Fix a Lubin-Tate 
splitting ipF over F. Now, assume that the residue-class degree [kl : kf] — d' , 
for some d' \ d, and there exists the chain of field extensions 

F^L^F^^^y,. 
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Thus, there exists the generahzed Fesenko reciprocity map 

*i7; : Gal(L/F) -> /iV,<.,/^L(^) ^ x U^^^^^^/Y^^^^n 

corresponding to the extension L/F. Here, is defined as usual by Lq — 
L n F"'' = F^r (and recaU that, L^^^ = L D X"'' = if^''). 
Now, fix a basic sequence 

= Fo C Fi C • • • C F, C • • • C L 

for the extension L/l\^\ Following the notation of [3] and [8], introduce for 
each 1 < I € Z, an element Ui in Ga\{L/K) such that (cr = Gal{Ei / Ei^i) . 
Now, fix the sequence 

Lq^"* = EqLq^^ C EiL\^^ C • • • C EiLq^^ C • • • C LLq^'' = L 

for the extension L/Lq^^ following eq. (5.55) of |8j. Now, for 1 < i G Z, 
introduce the elements cr* in Gal(L/F) that satisfies 

< 'J* U,l(-)>- Gal(F,L^^Vs.-i4^^) 

as follows : 

(i) in case i > io, then define a* = Ui ; 

(ii) in case i < io, then define 

where io is defined as in the paragarph of eq. (5.55) of [8|. It is then clear that, 
for each 1 < i G Z, the elements a* of Gal(L/F) satisfies 

< a* L Gal(F,L^^Vs.-iif 

and for almost all z, a* = cr^. Further, for each 1 < A:,z € Z, introduce 



the map hi"^"^'^'^ ■.W.^.^^.U'lzl^ ( ni<.<.+i C^^'^, J /C/^^ii:^,, , the 
map si''/''""'^ : ni<,<. C^"-^;, - ni<.<fc+i C^"'-^,, and the map /f^/^""') : 
[/J — J ^ ^x{l/el'-''^) — ~ ° — * ^x(L/F) following f3] and fH]. Define, for 



-1 



each 1 < fc e Z, a homomorphism 
that satisfies 



l<i<fc 



^i<i<fc+i y 
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and any map 

: n - n 

l<i<fe l<i<fe+l 

that satisfies 

AT {L/l\P) (L/l'^') ~ 

following the same lines of [3] and [8]. 

Now, for each 1 < i G Z, introduce the map 

by 



where v & U J—- is any element satisfying N ^ j^{f) {v) = w e If^' . Note 
that, if u' e t/'ii such that {v') = w, then Ap/^ (f-^^^"''^\v) 

In fact, there exists u £ ker {j^ ^ l^''^ /e^ such that w' = vu. Thus, we have 
to verify that kp/K { f-^'^°'^^\v)] = kp/x { fl^ ' ^'^'''^ \vu)] . That is, for each 



1 < J G ^1 we have to check that 
Pr 



A^/,,(/r " 'i^))) =prB^. i^F/Kur'^'' '{vu))). (2.50) 



Now, for i > i, it follows that 

by the properties of the mappings g)^ and 5^, ■ Thus, eq. (|2.50p 

follows, as N ^ j^(F) {v) — N ^ j^{F) ^ ^ {vu) . Therefore, the map 

h • ^X(L/A') 

is well-defined. Moreover, for j > i, 
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In fact, for w G f/^' ^, there exists v G [/"j-J- such that N„ ,-(f) (v) = w, 



and j\ ' " '(w) = kpiK ( /■ («) j • That is, the foUowing square 



^ — 1 



> t^X(L/_ff) 



is commutative. Thus 



by the properties of the mappings g\. and gl , which is the desired 

equahty. 

Now, we shall modify Lemma 5.30 of [8] and show that the homomorphism 
Kp/K ■■ ML/Lf^Y X(L/l[,^V introduced by eq.s ^(TM and (12:26)1 satis- 
fies the following lemma. 

Lemma 2.24. The continuous homomorphism Kp/x ■ ^(-^/^o^')^ ^ ^(-^/^o^')^ 
introduced by eq.s \2.25\l and \2.26\) further satisfies 

f(^/^\P)\\ \ r- 7 .... i iV. /•(i/^o"^'"' 



Proof. (i) For any choice of z*^*^ e ° , the continuity of the multiplica- 

tive arrow Ap/K ■ X(L/L^^^)>< ^ yields 

where Ap/k{z^^') ^ ° by the commutative square (12.5111 . 

(ii) Now let y G ^^/^c^)- Then, yi"'^^' G /f /^""^'^l). Thus, 

Ap/K{y'-^-) = Ai./A'(y)^^^- e ^^/^a-) ^^°"'^}) by part (i). 

Now the result follows, as ipp = ipj^ by Remark 12.121 

□ 
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Thus, the homomorphism Kp/K ■ ML/Lf^Y ^ ML/l[^^Y of cq. (P?^ 
defined by eq. (|2.26p induces a group homomorphism, 

(2.52) 



and defined by 



(2.53) 



for every U ^ U~ , where U denotes, as usual, the coset U.Y^ ,.(f) in 

U2, 



■X{L/Lf>)/^L/L'^^- 



Let 



t(F)' 



be the corresponding generaUzed Fesenko reciprocity map defined for the exten- 



sion L/F, where ,,(f) — ,.(f) 



The following lemma is the finer version of Lemma 12.131 

Lemma 2.25. Let K be a local field satisfying the condition given in eq. ^2.34\ l. 

Let F / L'C be a finite sub-extension of L/K. Fix a Lubin-Tate splitting tpp over 
F. Assume that the residue-class degree [n^ '■ i^f] — d' and F <Z L C F^^^y 
for some d' \ d. Then the square 



Gal{L/Lf^) 



GaliL/L^'^^) 
where the right- vertical arrow 



X(L/4^')/ L/L, 



(K) 



is defined by eq.s i2. 52\) and i2.53\) . is commutative. 
Proof. It suffices to prove that the square 



X{L/LlP)'"nL/Ll,'') 

XfT/ 



^Fl K 



(2.54) 



is commutative, which is obvious. Then pasting this square with the square eq. 
(fT^ as 



GaKLjL^P) ■ 

inc. 

Gal{LlLf^) 



-^^l(L/L<-')/^X(L/Lr>) 



can. rro /V 
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the commutativity of the square eq. (|2.54p follows. □ 
Thus, we have the following theorem, which is the finer version of Theorem 

EH 

Theorem 2.26. Let K he a local field satisfying the condition given in eq. 
\2.84^ . Let F/K he a finite suh-extension of L/K. Fix a Luhin-Tate splitting 
ipF over F. Assume that the residue-class degree [n^ ■ '*_f] = d' and F C L C 
^{lpfY' some d' \ d. Then the square 

Gal{L/F) ^ FX/iV^<.,/^4^)^ x (2.55) 
where the right-vertical arrow 



defined by 

{Nf/kAf/k) ■■ ia,U) ^ (NF/K{a),XF/K{U)) , 

_ fF) ^ 

for every (a,U) G F^ IN j(f) i-^Ln. x , t^s/^t n '-'''> j commutative. 
Proof. Let a £ Gal(L/F). There exists < m G Z such that a L(f)= (p^ and 
ifip'^'a e Gal(L/4^'). Now, 



and 



by the norm-compatibility of primes in the fixed Lubin-Tate labelling and by 
Lemma r2.25l Now, there exists < m' £ Z such that a |^(k) — (p]} and <y3^™ a G 

Gal(L/L*)^'^). By Remark E2] part (ii), it follows that 93^ \l(k}= ip'f^ and 

- - ' (F)X 

^F^a = Lpj^ a. By abelian local class field theory, Nf/k ■ ""f ^i(^)/j?^o ^ 
^K'^L(-)/if4'^''' Thus, 

which completes the proof. □ 
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Finally, the inverse H^j^J^ = ($^^^^^) ^ of the generalized Fesenko reciprocity 

map defined for the extension L/K \s the generalization of the Hazewinkel 

map for infinite APF-Galois sub-extensions L/K oi K^d/K satisfying [kl : 
kk] — d and under the assumption that the local field K satisfies the condition 
given by eq. (|2.34p . More precisely, we have the following proposition. 

Proposition 2.27. The following square 



H 



(¥■) 
L/K 



K-/Nl„/kL^ X C/|(^/^/ll/Lo — GaKL/K) 
^"^kx/n^^^^l-'P'^k) mod Gal(L/K)' 

K-^/Nl./kL^ X Ulo/Nl/LoUl GaliL/Xr" 
is commutative, where 

Hl/k ■■ K^'/Nl^/kL^ X Ulo/Nl/LoUl ^ Gal{L/Kr' 
is the Hazewinkel map of L/K. 
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